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Abstract
We extend finding geometrically-significant preserved quantities by solving specific PDEs to 1-d projective
transformations and subgroups. This can be viewed not only as a purely geometrical problem but also as a sub-
case of finding physical observables, and furthermore as part of extending the comparative study of Background
Independence level-by-level in mathematical structure to include projective structure. Full 1-d projective invari-
ants are well-known to be cross-ratios. We moreover rederive this fact as the unique solution of 1-d projective
geometry’s preserved equation PDE system. We also provide the preserved quantities for the 1-d geometries
whose only transformations are 1) special-projective transformations Q, giving differences of reciprocals. 2) Q
alongside dilations D, now giving ratios of difference of reciprocals. This analysis moreover firstly points to a
new interpretation of cross-ratio: those ratios of differences that are concurrently differences of reciprocals, and
secondly motivates 1) and 2) as corresponding to bona fide and distinctive Geometries.
Mathematics keywords: Geometrical automorphism groups and the corresponding preserved quantities. Differential-
geometric PDEs. Projective Geometry. Shape Theory. Foundations of Geometry.
PACS: 04.20.Cv, 04.20.Fy, Physics keywords: observables, Background Independence.
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1 Introduction
We continue our program of geometrical preserved quantities (in Article I [43]’s sense) being systematically derived as
solutions to PDE systems – preserved equations – treated as Free [9] Characteristic Problems [10, 13]. [43] moreover
provides specific methods of solution for these PDE systems. Articles I and II having considered this for Similarity
and Affine Geometry respectively, we now turn to the case of 1-d Projective Geometry [2, 6, 7, 26, 27, 12], Projective
Geometry playing a notable role in the Foundations of Geometry [5, 7, 15, 27, 48] The corresponding geometrical
automorphism group is
Proj(1) = PGL(2,R) , (1)
‘PGL’ standing for projective general linear group. This has three generators: a translation P , a dilation D and a
special-projective transformation Q (c.f. the more commonly used concept of a special-conformal transformation and
generator).
P and D already being the 1-d similarity group Sim(1)’s generators, they were already considered in Article I. We
thus begin by considering Q by itself in Secs 2 and 3. While the ensuing automorphism group is isomorphic to that of
the 1-d translation P , Q nonetheless possesses a distinct notion of preserved quantity: differences of reciprocals rather
than just differences. Upon including D as well as Q (Sec 4), the automorphism group deviates from the dilatations
(P and D) by just a sign, and yet again a distinct notion of preserved quantity ensues: ratios of differences of
reciprocals rather than just ratios of differences. We take these distinctive geometrical invariants to further motivate
study of these ‘Iso-Translational’ and ‘Para-Dilatational’ Geometries, which moreover in 1-d further coincide with
‘Iso-Euclidean’ and ‘Iso-Similarity’ = ‘Iso-Affine’ Geometries respectively.
Full 1-d projective invariants are well-known to be cross-ratios, quantities whose invariance properties can already
be inferred from the work of Pappus [1], and whose modern-era development started with the elder Carnot [3], for
all that the name ‘cross-ratio’ itself was only coined in subsequent work by Clifford [4]. We moreover derive that 1-d
projective preserved quantities are suitably smooth functions of cross-ratios in Secs 5 and 6, establishing these to
be the unique functional form solving the 1-d projective preserved equations system’s Free Characteristic Problem
in Secs 7 and 8. The current Article’s analysis points moreover to a new interpretation of cross-ratio: cross-ratio
functional dependence is that functional dependence which is concurrently of ratios of differences and of differences of
reciprocals. With P and Q being inconsistent by themselves, this completes the study of the geometrically-significant
continuous subgroups of Proj(1).
Preserved quantities as conceived of in the current Series of Articles are moreover underlied by consideration of
constellations, constellation spaces, shapes and shape spaces [14, 16, 20, 21, 31, 39, 41, 42]. In the context of
Projective Geometry, the corresponding Projective Shape Theory has been developed and reviewed in particular in
[28, 32, 39, 40]. Its main application to date is to Shape Statistics [21, 23, 32, 38, 39] in connection with
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Image Analysis [19] and Computer Vision [25]. Projective Geometry has largely not yet entered comparative study
[17, 41, 34, 35, 46] of Background Independence [8, 11, 18, 29, 33, 36, 37, 45, 30, 41, 47] in Foundational and
Theoretical Physics. Upcoming preprints in this regard will be linked here to subsequent versions of the current
preprint as regards this substantial research frontier.
2 Special-projective transformations and preserved equations
In d-dimensional Projective Geometry, the special-projective transformation’s generator is
Qa := xaxb∂b . (2)
The special-projective preserved equation is thus
N∑
I=1
Qa(qI)Q =
N∑
I=1
qaIqbI∂qbIQ = 0 . (3)
Special-projective transformations close by themselves, forming the geometrical – if hitherto nonstandard – auto-
morphism group
P -Iso-Tr(d) . (4)
‘Iso’ stands here for isomorphic, and the P prefix for projective version, there also being a conformal version denoted
by a C prefix in Article V.
While this is isomorphic to the non-compact d-dimensional Abelian group of translations,
P -Iso-Tr(d) ∼= Rd ∼= Tr(d) , (5)
it clearly involves a different representation of generators, xaxb∂b rather than the ∂b used for the translations.
We show in the current Article that this furthermore leads to P -Iso-Tr(d) having different geometrical preserved
quantities than Tr(d), strengthening the position that P -Iso-Tr(d) indeed corresponds to a distinct Geometry in its
own right.
In 1-d, the special-projective generator moreover simplifies to
Q = x2
d
dx
. (6)
This is one of the ways in which 1-d is a distinguished special case. The special-projective preserved equation is now
N∑
I=1
qI 2∂qIQ = 0 . (7)
Moreover, in 1-d,
R = P -Iso-Tr(1) = P -Iso-Eucl(1) , (8)
due to the absence of rotations and of nontrivial special-linear transformations respectively. This is a second way in
which 1-d is a distinguished case.
3 Piecemeal solution of the 1-d special-projective preserved equation
For N = 1, using the notation q1 = x, our preserved equation reduces by the flow method to the ODE
x2
dQ
dx
= 0 . (9)
So for x 6= 0, this reduces to
dQ
dx
= 0 , (10)
and thus admits just the trivial solution,
Q = const . (11)
For x = 0, Q is a free function, but as for the dilational case in Article 1, this entails having no freedom in moving
away from x = 0.
1
N = 2 is minimal as regards having a nontrivial solution. Using also the notation q2 = y, our preserved equation is
now the PDE
(x2∂x + y
2∂y)Q = 0 . (12)
Being a homogeneous-linear PDE in 2 variables, this is equivalent to the ODE
dx
x2
=
dy
y2
(13)
which is amenable to direct integration, giving
− 1
x
= − 1
y
+ u , (14)
i.e.
u =
1
x
− 1
y
. (15)
By the chain-rule, any
Q = Q(u) = Q
(
1
x
− 1
y
)
(16)
moreover also solves:
(x2∂x + y
2∂y)Q(u) = Q
′(u)(x2∂x + y2∂y)
(
1
x
− 1
y
)
= Q′(u)
(
−x
2
x2
+
y2
y2
)
= Q′(u)(−1 + 1) = 0 , (17)
where ′ := d/du. Alternatively, by the flow method, PDE (12) is equivalent to the ODE system
x˙ = x2 , (18)
y˙ = y2 , (19)
Q˙ = 0 , (20)
to be treated as a Free Characteristic Problem. Integrating,
t = − 1
x
+ u , (21)
t = − 1
y
, (22)
Q = Q(u) . (23)
Next, eliminating t between (21-22), we obtain the form of the characteristic coordinate (15). Finally substituting
this in (23), we recover the form (16) for the preserved quantities.
Extending to the arbitrary-N case, the preserved equation PDE (7) is equivalent by the flow method to the ODE
system
q˙I = qI 2 , (24)
Q˙ = 0 , (25)
to be treated as a Free Characteristic Problem. Integrating and splitting off qN for distinct treatment,
t = − 1
qi
+ ui , (26)
t = − 1
qN
, (27)
Q = Q(ui) . (28)
Next, eliminating t from (27) in (26), we obtain the form of the characteristic coordinates,
ui =
1
qi
− 1
qN
, (29)
Finally substituting these in (28), we obtain the functional form
Q = Q
(
1
qi
− 1
qN
)
(30)
2
for the preserved quantities. We finally summarize 1-d special-projective preserved quantities by
Q = Q(/− / ) : (31)
suitably-smooth functions of differences of reciprocals, for which we have introduced the shorthand /− /.
Subsequent restrictions of note render N = 3 and 4 as minimal cases of interest as well. For N = 3, using q3 := z as
well,
Q = Q(u, v) := Q
(
1
x
− 1
z
,
1
y
− 1
z
)
. (32)
For N = 4, using q4 =: w as well,
Q = Q(u, v, ω) := Q
(
1
w
− 1
z
,
1
x
− 1
z
,
1
y
− 1
z
)
. (33)
4 P -Para-Dilatat(1)
The Q and D generators mutually close to form the geometrical automorphism group
P -Para-Dilatat(1) = Ro R+ = P -Para-Sim(1) = P -Para-Aff(1) . (34)
‘Para’ refers to this case not coinciding isomorphically with
Dilatat(1) = Ro R+ = Sim(1) = Aff(1) . (35)
It is possible for two non-isomorphic groups to both be of the form AoB because the semidirect product operation
is not precisely defined unless one supplements it by identifying which map is involved [22]. On the present occasion,
this non-isomorphism is clear from
[Q,D] ∼ Q and [P ,D] ∼ P (36)
differing by a sign in their more detailed right-hand-sides. We shall encounter further P - and C- Para groups of
geometrical automorphisms in Articles IV and V.
The corresponding preserved equations are a system of 2 equations,
q ◦∇Q =
N∑
I=1
qI∂IQ = 0 , (37)
N∑
I=1
qI 2∂IQ = 0 . (38)
Counting out, N = 3 is now minimal so as to realize nontrivial preserved quantities. In this case, our system reduces
to
(x ∂x + y ∂y + z ∂z)Q = 0 , (39)
(x2∂x + y
2∂y + z
2∂z)Q = 0 . (40)
But we solved these equations piecemeal in Secs I.8 and III.3, so we have the compatibility equation
Q
(x
z
,
y
z
)
= Q
(
1
x
− 1
z
,
1
y
− 1
z
)
. (41)
Lemma 1 This is solved by
Q
(
1
x − 1z
1
y − 1z
)
. (42)
Derivation. On the one hand, this is manifestly a function of
1
x
− 1
z
,
1
y
− 1
z
alone . (43)
On the other hand,
1
x − 1z
1
y − 1z
=
1
z
( z
x − 1
)
1
z
(
z
y − 1
) = zx − 1z
y − 1
=
(x
z
)−1 − 1(
z
y
)−1
− 1
, (44)
3
which is manifestly a function of
x
z
,
y
z
alone . 2 (45)
Note also the following alternative form for this answer,
Q = Q
(
y(z − x)
x(z − y)
)
. (46)
N = 4 is also of interest, as the minimal case in the next section. In this case, our system reduces to
(w∂w + x∂x + y∂y + z∂z)Q = 0 , (47)
(w2∂w + x
2∂x + y
2∂y + z
2∂z)Q = 0 . (48)
But we solved these equations piecemeal in Secs I.7 and III.2, so we have the compatibility equation
Q
(w
z
,
x
z
,
y
z
)
= Q
(
1
w
− 1
z
,
1
x
− 1
z
,
1
y
− 1
z
)
. (49)
This is solved similarly by
Q = Q
(
1
w − 1z
1
y − 1z
,
1
x − 1z
1
y − 1z
)
= Q
(
y(z − w)
w(z − y) ,
y(z − x)
x(z − y)
)
. (50)
Finally, in the arbitrary-N case, (37, 38) lead to the compatibility equation
Q
(
qi
qN
)
= Q
(
1
qi
− 1
qN
)
, (51)
which is solved by
Q = Q
 1qr¯ − 1qN
1
qn − 1qN
 = Q(qn(qN − qr¯)
qr¯(qN − qn)
)
= Q
(
/− ///− /
)
: (52)
suitably-smooth functions of ratios of differences of reciprocals.
Remark 1 These are geometrical preserved quantities, and distinctively different from those of any of the hitherto
well-studied Geometries.
5 Proj(1) system of preserved equations
First note that considering translations P alongside special-projective transformations Q and no other generators is
inconsistent by the integrability relation
[P ,Q] ∼ D . (53)
forces the dilation generator D to be included as well. Taking all three of these generators together, one has the
group of 1-d projective transformations,
Proj(1) = PGL(2,R) . (54)
The corresponding system of preserved equations is
N∑
I=1
∂IQ = 0 , (55)
q ◦∇Q =
N∑
I=1
qI∂IQ = 0 , (56)
N∑
I=1
qI 2∂IQ = 0 . (57)
Counting out, N = 4 is now minimal to support nontrivial solutions.
The sequential working based on passing to centre of mass coordinates moreover also fails, as a consequence of this
integrability involving P more intimately in Proj(1)’s Lie algebra than a simple semidirect product addendum.
4
6 Proj(1) preserved quantities for N = 4
However, for N = 4, however solved the first pair of these equations in Sec I.8 and the last equation in Sec III.3, so
we have the compatibility equation
Q
(
1
w
− 1
z
,
1
x
− 1
z
,
1
y
− 1
z
)
= Q
(
w − z
y − z ,
x− z
y − z
)
. (58)
Lemma 2 This is solved by
Q = Q
(
(w − z)(x− y)
(w − y)(x− z)
)
:= Q ( [z, y; w, x] ) , (59)
for [ , ; , ] the quaternary cross-ratio operation.
Derivation On the one hand,
(w − z)(x− y)
(w − y)(x− z) =
(w−z)(x−y)
wxyz
(w−y)(x−z)
wxyz
=
w−z
wz × x−yxy
w−y
wy × x−zxz
=
(
1
z − 1w
) (
1
y − 1x
)
(
1
y − 1w
) (
1
x − 1z
) = −
(
1
w − 1z
) ((
1
y − 1z
)
− ( 1x − 1z ))((
1
y − 1z
)
− ( 1w − 1z )) ( 1x − 1z ) ,
(60)
which is manifestly a function of
1
w − 1z
1
y − 1z
,
1
x − 1z
1
y − 1z
alone . (61)
On the other hand,
(w − z)(x− y)
(w − y)(x− z) =
(w − z)((x− z)− (y − z))
((w − z)− (y − z))(x− z) =
x−z
y−z − 1
x−z
y−z
×
w−z
y−z
w−z
y−z − 1
, (62)
which is manifestly a function of
w − z
y − z ,
x− z
y − z alone . 2 (63)
Remark 1We can now characterize cross-ratios’ functional dependence as being concurrently of ratios of differences
and of differences of reciprocals,
; = −/−
⋂
/− / . (64)
This characterization is enlightening since it is in terms of simpler, more well-known and more intuitive operations.
7 Uniqueness of cross-ratios in 1-d. I. N = 4
The above type of working is still open to the possibility that
(a− b)(c− d)(e− f)...
(σ(a)− σ(b))(σ(c)− σ(d))(σ(e)− σ(f))... (65)
for σ a permutation, provides further independent functions of both concurrently differences of reciproals and ratios
of differences. We now dismiss this possibility by use of the sequential chain rule method.
We first present this for N = 4. We begin by solving the special-projective preserved equation piecemeal, as per Sec
3. Then by the chain rule,
∂w = uw∂w + vw∂v + ωw∂ω = − 1
w2
∂u , (66)
∂x = ux∂w + vx∂v + ωx∂ω = − 1
x2
∂v , (67)
∂y = uw∂y + vw∂v + ωy∂ω = − 1
y2
∂ω , (68)
∂z = uz∂w + vz∂v + ωz∂ω =
1
z2
(∂u + ∂v + ∂ω) . (69)
The dilational preserved equation then becomes
0 =
((
1
w
− 1
z
)
∂u +
(
1
x
− 1
z
)
∂v +
(
1
y
− 1
z
)
∂ω
)
Q = (u ∂u + v ∂v + w ∂ω)Q . (70)
5
As this has the same form as the original dilational equation but for one object less, this can be envisaged as a
parallel of the sequential method underlied by passing to centre of mass frame for translations. This analogy is in
turn underlined by P -Para-Dilatat(d) itself having a semidirect product structure like Dilatat(d).
We then know from Sec I.7 that this is solved by
Q(U, V ) := Q
( u
ω
,
v
ω
)
. (71)
So far, this consists of a sequential chain rule rederivation of Sec 4.
If the translational preserved equation is moreover present, this becomes
0 =
((
1
z2
− 1
w2
)
∂u +
(
1
z2
− 1
x2
)
∂v +
(
1
z2
− 1
y2
)
∂ω
)
Q (72)
in the special-projective characteristic coordinates. Moreover, by tht chain rule,
∂u = Uu∂U + Vv∂V =
1
ω
∂U , (73)
∂v = Uv∂U + Vv∂V =
1
ω
∂V , (74)
∂ω = Uw∂U + Vw∂V = − u ∂U + v ∂V
ω2
. (75)
This sends our remaining PDE to
0 =
1
ω
((
1
z2
− 1
w2
−
(
1
z2
− 1
y2
)
U
)
∂U +
(
1
z2
− 1
x2
−
(
1
z2
− 1
y2
)
V
)
∂V
)
Q
=
((
−1
z
− 1
w
+
1
z
+
1
y
)
U ∂U +
(
−1
z
− 1
x
+
1
z
+
1
y
)
V ∂V
)
Q
= ( (ω − u)U ∂U + (ω − v)V ∂V ) = ω ( (1− U)U ∂U + (1− V )V ∂V )Q . (76)
We have also used here differences of two squares and x, y, z, w to u, v, ω relations in the second step, and u, v, ω to
U, V relations in the third and fourth steps.
So (assuming ω 6= 0, if not permute allocation of coordinates), we have the first-order homogeneous linear PDE
( (1− U)U ∂U + (1− V )V ∂V )Q = 0 . (77)
By the flow method, this is equivalent to the ODE system
U˙ = (1− U)U , (78)
V˙ = (1− V )V , (79)
Q˙ = 0 , (80)
to be treated as a Free Characteristic Problem. Integrating by use of partial fractions,
t = ln
(
U
1− U
)
+ lnW , (81)
t = ln
(
V
1− V
)
, (82)
Q = Q(W ) . (83)
Eliminating t between the first two of these equations yields the form for the final characteristic variable,
W =
V (1− U)
U(1− V ) =
v
ω
(
1− uω
)
u
ω
(
1− vω
) = v(ω − u)
u(ω − v) =
(
1
x − 1z
) (
1
y − 1z −
(
1
w − 1z
))
(
1
w − 1z
) (
1
y − 1z −
(
1
x − 1z
)) = z−xzx × w−ywyz−w
zw × x−yxy
=
(z − x)(y − w)
(z − w)(y − x) :
(84)
the cross-ratio, now as a unique equation to an explicit PDE. Thus finally we recover that
Q = Q
(
(z − x)(y − w)
(z − w)(y − x)
)
. (85)
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8 Uniqueness of cross-ratios in 1-d. II. Arbitrary N
We finally show that the previous section’s method extends to arbitrary N ≥ 4. We begin by solving the special-
projective preserved equation piecemeal, as per Sec 3. Next, by the chain rule,
∂qi =
n∑
j=1
ujqi∂uj = − 1qi 2 ∂ui , (86)
∂qN =
n∑
j=1
ujqN∂uj = −
1
qN 2
n∑
j=1
∂uj . (87)
The dilational preserved equation then becomes
0 =
(
n∑
i=1
(
1
qi
− 1
qN
)
∂ui
)
Q =
n∑
i=1
ui∂uiQ . (88)
We then know from Sec I.8 that this is solved by
Q(U r¯) := Q
(
ur¯
un
)
, (89)
for r¯ taking values 1 to n¯ := n− 1. So far, this consists of a sequential chain rule rederivation of the second half of
Sec 4.
If the translational preserved equation is moreover present, this gets reformulated as
0 =
(
1
qN 2
− 1
qi 2
)
∂uiQ (90)
in the special-projective characteristic coordinates. By the chain rule,
∂ur¯ =
n¯∑
s¯−1
U s¯U r¯∂
s¯
u =
1
un
∂U r¯ , (91)
∂un =
n¯∑
s¯−1
U s¯Un∂
s¯
u = −
1
un
n¯∑
r¯=1
U r¯∂U r¯ , (92)
our remaining PDE is sent to
0 =
1
un
n¯∑
r¯=1
((
1
qN 2
− 1
ur¯ 2
)(
1
qN 2
− 1
qn 2
)
U r¯
)
∂U r¯Q =
n¯∑
r¯=1
(
− 1
qN
− 1
ur¯
+
1
qN
+
1
qn
)
U r¯∂U r¯Q
=
n¯∑
r¯=1
(un − ur¯)U r¯∂U r¯Q = un
n¯∑
r¯=1
(1− U r¯)U r¯∂U r¯Q , (93)
using analogous moves to those declared in the N = 4 version.
So (assuming un 6= 0, if not permute allocation of coordinates), we have the first-order homogeneous linear PDE
n¯∑
r¯=1
(1− U r¯)U∂U r¯Q = 0 . (94)
By the flow method, this is equivalent to the ODE system
U˙ r¯ = (1− U r¯)U r¯ , (95)
Q˙ = 0 , (96)
to be treated as a Free Characteristic Problem. Integrating by use of partial fractions,
t = ln
(
U r˜
1− U r˜
)
+ lnW r˜ , (97)
t = ln
(
U n¯
1− U n¯
)
, (98)
Q = Q(W r˜) . (99)
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Eliminating t from (98) in (97) yields the form for the final characteristic variables,
W r˜ =
U n¯(1− U r˜)
U r˜(1− V n¯) =
un¯(un − ur˜)
ur˜(un − un¯) =
(qN − qn¯)(qn − qr˜)
(qn − qn¯)(qN − qr˜) : (100)
the cross-ratio, now as a unique equation to an explicit PDE. Thus finally we recover that
Q = Q
(
(qN − qn¯)(qn − qr˜)
(qn − qn¯)(qN − qr˜)
)
= Q( ; ) : (101)
suitably-smooth functions of cross-ratios.
Note that the cross-ratios arise here in the form of a basis made by using 3 points N , n, n¯ as fixed reference points
with respect to which to form the cross-ratio with the n˜ := N − 3 remaining points r˜. Because of this, moreover, it
is clear that N ≥ 4 is required.
9 Conclusion
Figure 1: Lattices of a) 1-d notions of geometry, b) their corresponding automorphism groups, and c) the corresponding dual lattice of
preserved quantities.
We found preserved quantities for the P -Iso-Tr(1) = P -Iso-Eucl(1) Geometry whose automorphisms consist solely
of special-projective transformations Q. These are suitably smooth functions of differences of reciprocals. Thus they
do not coincide with the mere differences of Tr(1) = Eucl(1) despite Eucl(1) ∼= P -Iso-Eucl(1), the difference in
representation between Q and the translational generator P sufficing to have this effect.
Upon including dilations D as well, we found preserved quantities for the corresponding
P -Para-Dilatat(1) = P -Para-Sim(1) = P -Para-Aff(1) Geometry. These are suitably smooth functions of ratios
differences of reciprocals. Thus they do not coincide with the mere ratios differences of
Dilatat(1) = Sim(1) = Aff(1), despite the algebra for this differing by a single sign from our case. (This sign
difference also accounts for us calling these ‘Para’ rather than ‘Iso’ Geometries).
We finally derived that 1-d projective preserved quantities are suitably smooth functions of cross-ratios in Secs 5
and 6, establishing these to be moreover the unique functional form solving the 1-d projective preserved equations
system’s Free Characteristic Problem in Secs 7 and 8. The current Article’s analysis points moreover to a new
interpretation of cross-ratio. Namely that cross-ratio functional dependence is that functional dependence which is
concurrently of ratios of differences and of differences of reciprocals, as can be read off Sec 6’s compatibility equation.
This is a significant result firstly due to the importance of cross-ratios in Projective Geometry and secondly because
of Application 2 below.
Application 1 The above analysis featuring novel partially projective preserved quantities serves to disqualify the
‘counterexamples’ to lattice duality of [37], as these ‘counterexamples’ failed to factor in the possibility of partially
conformal preserved quantities (themselves covered in Article V). Now that preserved quantities are viewed as
8
intersections of characteristic surfaces, it has become clear that the lattice of preserved quantities is dual to that of
sums-over-points of generators, and, by extension via Article I’s Bridge Theorem, that the lattice of observables is
dual to that of first-class constraints. We can thus re-issue [37] free from this lacuna.
Application 2 The current Article is moreover a useful prototype as regards systematically solving PDEs to obtain
the more involved higher-d projective preserved quantities in Article IV, alongside yet further partially projective
preserved quantities from interplay with rotations and affine transformations.
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